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Abstract 
When we investigate the asymptotic properties of orthogonal polynomials with Sobolev inner product 
( f  g) = f(x)g(x) dp(x) + 2 f'(x)g'(x) dr(x), 
we need to know the relations between {P,} and {Q.} where P.(x) and Q.(x) are the nth monic orthogonal polynomials 
with respect to d# and dv, respectively. The pair {d#, dr} is called a coherent pair if there exist nonzero constant D. such 
that 
P~+,(x) P.(x) 
Q,(x) - -  + O - - ,  n >>, l. 
n+ 1 n 
One can divide the coherent pairs into two cases: the Jacobi case and the Laguerre case. We consider the limit of 
Q.(x)/P.(x) under the Jacobi case. We prove that lim,~ ® D exists and calculate the limit as well for the Jacobi case. 
Keywor&:" Sobolev orthogonal polynomials; Coherent pairs of measures 
AMS classification: 42C05, 33C25 
1. Introduction 
Recently, po lynomia ls  o r thogona l  with respect o Sobolev inner products  of the form 
( f  g )  = fti)g(i) dpi, (1.1) 
i=o 
where #i, i=  0, . . . ,m are certain type of complex measures  on the real line, have att racted 
considerable attention. Despite the effort, most  of the progress atta ined is for special types of inner 
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products, especially for the discrete case: 
lab ~ N~ ( f ,  g )  = f (x )o (x )  d/~(x) + ~ Mj, lh~i)(c~)o¢i)(cj), (1.2) 
j= l  i=0 
where cj are complex numbers in the complement of supp(#). A survey on the subject is provided in 
[1]. Little is known concerning the nondiscrete case, like 
f: ( f  9)s  = f (x )9 (x )  d#(x) + 2 f ' (x )o ' (x)  dv(x). (1.3) 
Let S, be the nth monic orthogonal polynomial with respect o (1.3). For the inner product (1.3), 
one can find some results on recurrence relation, location of zeros, differential formulas and so on 
in [4-6]. Let {P,} and {Q.} be the monic orthogonal polynomial sequences with respect o d/~ and 
dr, respectively. The pair {dp, dv} is called a coherent pair if there exist non-zero constants D. such 
that 
P" + 1 (x) P~ (x) 
Q,(x) = - -  + D, , n >>. l. 
n+l  n 
The concept of coherent pair was introduced by Iserles et al. in [5]. It has proved to be very 
important in the research of Sobolev orthogonal polynomials. Recently, a complete classification of 
all coherent pairs has been given in [7]. It has been proved that they can be divided into two types 
depending on the regularity of dv. There are only two possibilities (the two cases are not completely 
disjoint): 
1. dv is classical, 
2. (x - c) dv is classical for some real number c and dp is classical. 
Then all coherent pairs are given (apart from a linear change in the variable) by 
Type 1: dv is classical: 
(i) The Laguerre case, (a, b) = (0, ~), dl~ = (x - c)x ~- le-X dx, dv = x~e- X dx, with c ~< 0, 
~>0.  
(ii) The Jacobi case, (a, b) = ( - 1, 1), d# = (x - c)(1 - x) ~- x(1 + x) p- 1 dx, dv = (1 - x)~(1 + x) ~ 
dx, with c < - 1, ~ > 0, fl > 1. 
Type 2: (x - c) dv is classical, dp is classical. 
(iii) The Laguerre case, (a, b) = (0, ~), d# = x~e -x dx, dv = (x ~+ le-='/(x - c)) dx + M6(c), with 
c~<0,~>-  1, M>~0. 
(iv) The Jacobi case, (a, b) = ( -  1, 1), d# = (1 - x)~(1 + x) a dx, 
dv = (1 - x)=+l(1 + x) fl+x 
dx + M6(c), with c < -- 1, e > -- 1, fl > - 1, M i> 0. 
X- -C  
In Bruinsma et al. [3] investigated some properties of S,. It was proved that coherent pairs of 
type 1 are more regular than those of type 2; they studied the zeros location and proved that the 
n zeros of S, are separated by those of Q,_ 1 (n t> 2) for the coherent pairs of type 1. This result does 
not hold for all coherent pairs of type 2. They also proved that for all coherent pairs the n - 1 
extremata of S, interlace with the n - 1 zeros of Q,_ 1 (n/> 2). 
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In this paper, we discuss the limn-.~ Qn(x)/Pn(x) where x e C \ [ -  1, 1] for the Jacobi case. We 
also find out that limn-~ o0 Dn exist and calculate the limit as well for the Jacobi case. 
The structure of the paper is as follows. In Section 2, we consider some relations between Pn(x) 
and Sn(X) for the coherent pairs. We study limn-. ~ Qn(x)/Pn(x) and limn-. ~ D, for the Jacobi case 
type 1 and 2 in the Sections 3 and 4, respectively. 
2. Coherent pairs 
We define the Nevai class M(0, 1) consists of all measures ~b for which the corresponding 
orthonormal polynomials 0n(X) satisfy the three-term recurrence relation 
= aO+,0n+ bO0n(x) o an On- 1 xO.(x) l(x) + + (x) 
with coefficients atisfying 
1 l imb ° = 0. l ima ° = 7, 
Recall that this means that supp ~p = [ -  1, 1]\E with E a set which is at most denumerable and 
E' c ( -  1, 1}. 
We consider the orthogonal polynomials with respect o the inner product 
fa f: ( f  g)s  := f (x)g(x)  d#(x) + 2 f ' (x)g'(x)  dr(x), (2.1) 
where (a, b) denotes a finite or infinite interval on the real axis, d# and dv are distribution functions 
on [a, b] with infinitely many points of increase and 2 > 0. Let {Sn} denote the sequence of monic 
orthogonal polynomials (SMOP) with respect o (2.1). Let {pn(x) = xnx n + ... } be the sequence of 
orthonormal polynomials with respect o d/~ and {qn(x) = 7nx n + ... } be the sequence of orthonor- 
real polynomials with respect o dv with ~Cn > 0 and Y, > 0. We assume that {d#, dv} is a coherent 
pair, i.e. there exist non-zero constants Dn such that 
P/, + 1 (x) P~ (x) 
Qn(X) - n+l  + Dn n , n >~ l, 
where Q.(x) = q,(x)/7, and P,(x) = p,(x)/~c.. 
Lemma 2.1 (Bruinsma [3]). For n >>. 1, it holds 
S; + 1 S; 
Q" n+l  +d" -n  
and 
P" +_____!_1 + D, P" - S. +_______2_1 + d, S_~,, 
n+l  n n+l  n 
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where 
I b P~(x) Dn 
dn - (Sn, Sn)~ # Dn - ~c2(S. ' Sn)s" 
The following theorem tells us that one can get the following recurrence relation in terms of x. 
and 7n. 
Theorem 2.2. The following is valid: 
Dn 
dn = ,-,2 2 2 2n2K2 
LIn- l n 1£ n 
14(n  2 2 -k -1 )  x . - I  
Dn- 2 2 i n Kn 
2 dn- 1 7n- 1 (n - -  1)2K 2- 1 
with the initial condition 
d# 
dl - - -  D1 .  
dp + dv 
Proof. We define 
Pn+l Pn 
Rn+l - + Dn-- 
n+l  n 
and 
an Cn ~ E°  
n 
Then from Lemma 2.1, we have 
R. + 1 = C. + 1 + dnCn. 
We first prove that 
(R ,  + 1, Rn)s 
dn = 
(Rn, Rn)s - dn-l(Rn, Rn-1)s" 
Notice that 
(2.2) 
(R.+I,  Rn)s = (C.+1 + dnC., Rn)s = dn(C., Rn)s. 
Also, 
(Rn ,  Rn-  1 - d.- 1Rn- 1)s = (Cn + dn- 1Cn- 1, R. - d.- 1R.- 1)s 
= (C., Rn)s + dn- l (Cn-b  Rn)s - d2-1(Cn-a, Rn-1)s  
= (Cn, Rn)s+dn_ l (Cn_ l ,C  n +dn- lCn-1)s -d2_ l (Cn_ l ,  Rn_ l ) s  
= (C . ,Rn)s  + d~- l (C , - l ,  C , - l ) s  - d2 -x (Cn-bRn-1)s  = (C , ,Rn)s .  
(2.3) 
K. Pan/Journal of Computational and Applied Mathematics 79 (1997) 249-262 253 
Together with (2.3), we get 
(R.+ 1, R. )s  
d.  = 
(R. ,  R.)s  - d . - l (R . ,  R. -1)s"  
From the definition, 
(R.,  R. )s  = (R. ,  R.)du + 2(R'., R'.)a~ 
= (R. ,  R . )d .  + 2(Q._  1, Q . -  1)d~ 
1 2 D.-1  1 
- -  2 2 "[- +2 2 ' 
- 1) K . -1  7n-1 n K n (n  2 2 
(R.+I,  R . )s  = (R.+x, R.)du + 2(R'.+~, R'.)d~ 
= (R.+I,  R.)ou + 2(Q., Q.-X)d~ 
/P .+ I  P., P .  P . - I ;  D. D. 
\n  + 1 + D. - - + D._ x / = -~ (P., Pn)du  -- .-~..2' n n n -  1 au n to. 
and 
Dn- 1 
(R. ,  R ._  1)s - (n -- 1)2/c 2- 1 
Thus, from (2.2) and (2.4)-(2.6) yields 
D, 
2 2 
/I K n 
d n = 
1 D2-1 1 D . -1  
2 2 + "[-i], dn- l (n  2 2 nt¢ n (n -  1)2tC2- 1 ~2n2- 1 -- 1) /£.-1 
D. 
2 2 2 )~nZtc2 Dn - 2 2 On- in  Kn I n Kn 





3. The  Jacob i  case,  type 1 
In this section, we consider the Jacobi case: type 1, i.e. d~ = (x - c)(1 - x) ~- 1(1 + x) °-  1 and 
dv = (1 - x)~(1 + x) a. Assume Wo(X) = (x - c)(1 - x) ' -  1(1 + x) 0-1, wl(x) = (1 - x)'(1 + x) a and 
p(x) = Wo(X)/(x - c). In order to prove our theorem, we need the following lemmas. 
Lemma 3.1 (Nevai [8]). Let ~ e M(O, 1) and 4,(x) = ~l.x" + "", rl > 0 be the nth orthonormal 
polynomial with respect o ~, then 
lim r/,_ 1 1 
,-o~ r/, - 2 '  
~n+l (X)  lim - -  - ~b(x) 
254 
and 
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l im qi;,(x) _ 1 
" ' "  neP.(x) ~-  1 
locally uniformly in C\ [ -  1, 1], where q~(x) = [x + ~ - 1]/2 and the square root is such that 
- 1 > 0 for x > 1 and ~ - 1 < 0 for x < 1 and #.(x) = ~b.(x)/,.. 
Let P,~"#)(x) be the nth monic  Jacobi polynomial .  The fol lowing lemma is the relation between 
P,(x) and P~,'- 1.#- 1)(x). 
Lemma 3.2. The following holds: 
(x -- c)P.(x) = P~+:'#- 1)(x) 
p(~+-),#- 1)(c )
Proof. Consider the Four ier  expansion of (x - c)P,(x), 
(x - c)P.(x) = Pp+('#-  1)(x) + ~ aiP! ~- 1,#-,)(x). 
i=0 
Define 
<: g)o = f/, f (x )o (x )p(x )dx .  
For  0 ~< i ~< n-  1, we have 
((x - c)P., P? -  ',#- ")o 
So, 
(p . ,  p ! , -  1,#- 1))w ° 
ai = (e!~- x,#- t), e!~- x,#- x))v (e !~- l ,#-  1), p!~- 1.#- a))p =0.  
(x -- c)Pn(x) = P~- I 1'#- 1)(x) + anP~, ~- 1.#- 1)(x). 
Setting x = c, 
0 = --n+lD(a- 1,# - 1)(C) ..]_ anent- 1,#-  1)(C)" 
Thus 
pc,-  a,#- 1)(c ) n+l  
a. = -- p~_  1,#- 1)(c )" []  
The next result is the asymptot ic  behaviour  for the ratio of P,(x)/P~. ~- 1,#-1)(x ) in C \ [ -  1, 1]. 
Lemma 3.3. The following holds: 
P. (x) dp (x) - dp (c) 
l im 
.--.. p t : -  1,#- 1)(x ) x -- c 
locally uniformly in C\ [ -  1, 1]. 
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Proof. From the above lemma, we have 
(x -- c)P.(x) "n+D(~t-ll'fl- 1)(X ) "riD(a-+ 11'8 - 1)(C ) 
p(~,_ ,,8_ ,)(x) = p(a-  1.8-1)(x) p(na- 1,8-1)(c) " 
Together with Lemma 3.1 and noting that p e M(0, 1), we get 
(x  c)  P ,  (x) = p~+-(, 8 -1 ) (X  ) O(a - 1.8 - - -  - -  't ,+1  1)(¢) ---- ¢ (X)  - -  (])(C). 
lina p(~_ ~,8-,)(x) liA'n~ p(~-,,8-1)(x ) l irn p(~_ 1,8-1)(c ) [] 
The next result is the asymptotic behavior for the ratio of Q.(x)/P(. ~- 1,fl- 1)(X ) in C \ [ -  1, 1]. 
Lemma 3.4. For Q.(x), we have the following." 
Q.(x) ¢(x) 
lisn~ p(~- 1,8-1)(x ) x/x 2 - 1 
locally uniformly in C\ [ -  1, 1]. 
Proof. It is well-known that (cf. [9]) 
d 
dx P~+-('a- 1)(X) ---- (1"/ -[- 1)P(~'8'(x), 
i.e. 
d o(a- 1,8 -  
dx  - ,+1 1)(x) = (n + 1)Q.(x). 
Thus, from Lemma 3.1, we have 
Q.(x) = lim ~ pp+-?,8-')(x) 
l im p(a_l,8_l)(x ) (r/q- i )~(x )  
= lim 
A_ D(~ - 1,8 - 
dx "n  + 1 1)l,X! p l• -  1,8- n+ l D(X) __ ¢(X) 
.-~o~ (n + 1) 0t~-1'8-  - .+1  1)(x ) p(~-l,8-1)(x ) x /~ - 1 
[] 
Now, we can prove the limit for Q.(x)/P.(x) when x e C \ [ -  1, 1]. 
Theorem 3.5. For P. and Q., we have 
lim Q.(x) _ dp(x) x - c 
-, ~o p,  (x) ~ 1 q~ (x) -- ~ (c) 
locally uniformly in C\ [ -  1, 1]. 
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Proof. It is easy to prove the theorem from Lemmas 3.3 and 3.4, 
lim Q.(x) lim Q.(x) p(~- 1. f l -  1)(X ) - -  q~(x)  X - -  C 
.-~o~ P.(x) - .-~o~ p(.-  x.O- 1)(x ) P.(x) x /~ -- 1 dp(x) - q~(c)" [] 
Before we prove the limit of D, exists, we need the next lemma. 
Lemma 3.6. Let ~ ~ M(0, 1) and 4).(x) be the nth monic orthogonal polynomial with respect o d~b. 
For any polynomial sequence {u.},/flim._. 0o u.(x)/~.(x) exists locally uniformly in C\ [ -  1, 1], then 
lim u'.(x)_ lim u.(x) 
" - '~ ~;(x)  "~® ~.(x)  
locally uniformly in C\ [ -  1, 1]. 
Proof. Since 
q~.(x) d (u . (x ) ) _  u;(x) u.(x) 
(/),~(x) dx \4).(x)// qb'(x) qbn(x ) '
and 
lim q).(x) _ 0 
.~  a,,;(x) 
from Lemma 3.1, 
lim u'.(x) lim u. (x )_  0 
. "® ~(x)  . -~  ~. (x )  
locally uniformly in C \ [ -  1, 1]. [] 
We use the following theorem to close this section. 
Theorem 3.7. For the Jacobi case: type 1, we have 
1 
lim D. -  
.-. o~ 4~b(c)" 
Proofi First note that d/~ e M(0, 1) and from Lemmas 3.1 and 3.6, we have 
P" + 1 (x) P. +, (x) 
lim - -  - lim - -  = ~b(x) (3.1) 
"-'~ P~,(x) "~ P.(x) 
locally uniformly in C \ [ -  1, 1]. 
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Next from Lemmas 3.1, 3.3, 3.4 and 3.6, we obtain 
lira nQ.(x) 
.-*~ P[,(x) 
Q.(x) np~,- 1,fl-  1)(X ) ~x P(.'- x.p- 1)(x ) 
- -  - l i ra p(~_ 1,t~-')(x) ~ P(fl- 1,fl- 1)(X ) P~,(x) 
_ ~(x) ~/~-  1 x-c  ck(x)(x-c)  
q~(x) - 4(c) 4(x) - ¢(c)' 
locally uniformly in C \ [ -  1, 1]. F rom the definition of D., (3.1) and (3.2), 
lim D. = lim nQ.(x) lim P'+x(x)  n 
.-* ~ .-*~ P" (x) .-*~ P[,(x) n + 1 
4(x)(x - c) 
4)(x) - 4~(c) 
(x - c) 1) 
~(x) = ~(x) -¢(~ ~(c) 
=4)(x ) ( (x -c ) -4 ) (x )+4) (c ) )  ~(~ - ¢(c) 
= q~(x)  
(X -- C) x+x/~x2-1 c+ cx/~l.) 
2 + 2 
(x) - ¢(c) 
( qS(c) -- 4~(x) ) 1 
= ~b(x) \4~b(c)~b--~[~(-~-- 4,(c)] - 4~b(c) " [] 
(3.2) 
4. The Jacobi  case, type 2 
We consider the Jacobi case, type 2 in this section, i.e. d/~ = (1 - x)'(1 + x) p dx and 
(1 -- x)a+l(1 + x) fl+l 
dv = dx + M6(c) .  
X- -C  
Let v(x) = (1 - x) a+ 1(1 + x) fl+ 1. We first state the following lemma. 
Lemma 4.1 (Alfarro et al. [2]). Let 7~(x) = (1 - x )a+l (1  -I- x) f l+ l / (x  - c) and t.(x) = {.x" + ... be 
the nth orthonormal polynomial with respect to gJ(x) dx with {. > 0; then 
K . - l (x ,c )  
Q.(x) = T . (x ) -  1 + MK. - I (C ,  c) MT . (c ) ,  
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where 
t.(x) 
T.(x) = - -  4. 
and 
~n-1 K._ x (x, y) 2 
T.(x) T. -1 (Y) - T.(y) T._a (x) 
x -y  
The next lemma is the asymptotic relations between K._ 1 (x, y) and t.(x). 
Lemma 4.2. The followin9 holds, 
lim t2(x) - 4~b2(x) - 1, 
,,--.o~ K._ a(x, x) 
lim 
.---~ 00 
K. -  x (x, y) 1 dp(x) - dp(y) 
t.(x)t.(y) 4~b(x)~b(y) (x - y) ' 
locally uniformly in x e C\ [ -  1, 1] and y e C \ [ -  1, 1]. 
(4.1) 
(4.2) 
Proof. Eq. (4.1) is true from [8]. For Eq. (4.2), 
~(x) dx e M(0, 1)), 
lim K. -  1 (x, y) 
.-.oo t.(x)t.(y) 
= lim 4.-x ____1___1 (t..-l(_y) t . - l (x!~ 
.~o~ 4. (x -y ) \  t.(y) t.(x) J 
1 1 ) ~b(x)-~b(y) 
_ 41 (x -1 Y) ~b(y) q~(xi = 4~b(-~)( -~ - y) 
locally uniformly x e C \ [ -  1, 1] and y ~ C \ [ -  1, 1]. [] 
from the definition and Lemma 3.1 (recall 
The following lemma is for the limit of the ratio of Q.(x)/T.(x). 
Lemma 4.3. The following limit holds, 
lira Q.(x___)) _ 1 x//-fi - 1 [¢(x) - ¢(c)] 
.-" ~ T. (x) ¢ (x) x - c 
locally uniformly in C\ [ -  1, 1]. 
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Proof. F rom Lemma 3.1, it is easy to see lim.-,o~ t,(c) = 0o since c < 1. Together with Lemmas 4.1 
and 4.2, we obtain 
[K . - l (X ,C)  Mt2"(c) 1 lim Q. (x )= l im 1 
.-.o~ T.(x) t.(x)t.(c) [1 + MK.-a(c,c)] 
= lim 
n ""* O0 
K. -  1 (x, c) M 
t.(x)t.(c) ( t2~ + M K"- ~(c' 
= 1 ¢(x) - ~b(c) [4~b2(c) - 1]. 
4¢(x)¢(c)(x - c) 
Notice that 
4¢2(c) - 1 = 4x//~ - -  1¢(c), 
then 
lim Q,(x) _ 1 x/nil - 1 q~(x) - c~(x) 
,--.o~ T,(x) ¢(x) x - c 
locally uniformly in C \ [ -  1, 1]. [ ]  
The next two lemmas discuss the ratio between Tn(x) and the Jacobi  polynomials.  
Lemma 4.4. The following limit holds: 
lim 
t l " *  OC 
p(:+ 1,fl+ 1)(X ) {~(X) -- ¢(C) 
T,(x) x -- c 
locally uniformly in C\ [ -  1, 1]. 
Proof. Consider the Four ier  expansion of 
(x - c)P~+x'P+I)(x) = T.+I(x) + f biTi(x). 
i=0 
For  i = 0 . . . . .  n - 1, 
bi = <(x - c)P~ ~+l'a+t), Ti>~, = <p~+l,a+ x), Ti>v = O. 
(T,, T,)e (T,, T,)~ 
So, 
(x - c)Pp+l"~+l)(x) = T.+I(x) + b.T.(x). 
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Setting x = c, we have 
T.+I(C)  
b n - 
T,(c) 
From Lemma 3.1, we have 
lim (x - c)P(a+ I'#+ I)(x) 
,-~ o~ T,(x) 
locally uniformly in C \ [ -  1, 1]. 
= ~(x)  - ~(c)  
[] 
Lemma 4.5. The following limit holds: 
lim T,(x) _ (x -- c) ~p(x) 
" -~  P(.~'P)(x) [~b(x) - q~(c)] x /~ - 1 
locally uniformly in C\ [ -  1, 1]. 
Proof. From Lemma 3.4, we have 
p(~+ "~ +')(x) ~(x)  
lim -"  
n-~o~ n(,"~)(x) ~ -  1 
Thus, together with Lemma 4.4, we get 
lim T,(x) 
"--'~ P~"~)(x)-  
T.(x) p(~+ 1,~ + 1)(x )
l im p(~+ 1,fl + 1)(X ) = P(.~'a)(x) 
(x - c) ¢(x) 
[~b(x) - qS(c)] ~ _ 1 
[] 
For the ratio of Q,(x) and P,(x), we have the following. 
Theorem 4.6. The following holds: 
lim Q,(x) _ (x - c) ~(x) ~c-£- 1 
,-.o~ P,(x) [(;b(x) - 4~(c)2 ~ -  1 x /~-  1 
locally uniformly in C\ [ -  1, 1]. 
Proof. From Lemma 4.3 and 4.5, 
lim Q.(x) lim Q,(x) 
,~o~ P,(x) ,~o~ P(,"~)(x) 
= lim Q.(x) T.(x) 
,~  T,(x) P(,"P)(x) 
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(1 ~ - 1 [~b(x) - qb(c)-r~ (x - c) 
\ - ~(x) (x -J) JE¢(x) -ck(c) ]  
(x -- c) qb(x) ~ - 1 
[qS(x)- ~b(c)] x /~_  1 x / /~-  1 
locally uniformly in C \ [ -  1, 1]. [] 
~(x) 
,/#-1 
Similarly, we can find the limit for D, for the Jacobi case, type 2. 
Theorem 4.7. For the Jacobi case, type 2, the following limit holds: 
lim D, -- - ~b(c). 
t l  ---~ oo  
Proof. From the definition of D., 
D. - m nQn(x ) n P '+ l(X) 
P~(x) n + 1 P~(x) 
Then, from Lemma 3.1, 3.6, and Theorem 4.6, 
lim D. = l im (.nQ.(x) Q'.(x) n P'+, (x)) 
" -~ \ Q;(x) P;(x) n + 1 -P~(~ ] 
(x - c) ¢ (x )  
-- ~ [ (k (~-  ~b(c)] V /~ _ 1 
(x - c)¢~(x) 
¢ (x )  - ¢ (c )  
~b(x)- ~ - 1. 
Notice that from the proof of Theorem 3.7, 
(x - -  c) q~ (x) 1 
q~(x) - ~b(c) ~b(x) - 4~b(c)' 
then 
1 
,,]isn ~ D, , -  ~b(c) . , , / c  ¢ - I =-  ~b(c) .  [ ]  
~c-2 - 1~ 
v/7--s-i/- ~,(x) 
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